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What is Fast Fourier Transform (FFT)?

+00
@ X = Z x(t) p—2mjft’  Discrete-Time Fourier Transform
s (DTFT)
 Infinite series, can't be computed
N
27  Discrete Fourier Transform (DFT
D ¥, = Y e OF
Y ) « A sampling of the DTFT
o FFT
« A fast way to compute DFT
N/2 . N/2
FFT Xy = z X2 e_]N—/Zznk T z X2n+1 ]N/2(2n+1)k
n=0 n=0

Cooley-Tukey radix 2 decomposition 't=nxT,T = quanta of time
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What is Fast Fourier Transform (FFT)?

Discrete-Time Fourier Transform
(DTFT)

Infinite series, can't be computed

Discrete Fourier Transform (DFT)
A sampling of the DTFT

Fast Fourier Transform

A fast way to compute DFT

THere the signal is actually complex, the chart shows magnitude.
2Not really a DTFT, just an approximation... DTFT can't be computed



Typical Ways to Compute Fast Fourier Transform
(FFT)

Cooley-Tukey
= Recursively split the FFT into smaller equal sizes

Split-Radix
= Radix 4:2:2

Stockham
= Eliminates the need for rearranging the inputs/outputs that is specific to Cooley-Tukey

Prime-factor
= Decompose into relatively prime numbers

Bluestein (Chirp-2Z)
= For arbitrary sizes, uses Cooley-Tukey and convolution theorem

many others...

Optimization Notice

Copyright © 2016, Intel Corporation. All rights reserved.
*Other names and brands may be claimed as the property of others.



Main Differences versus Other Implementations

« No shared local memory, no * FFT decomposed into smaller FFTs
barriers « Called here “base FFTs”
* Maximize device occupancy * Maximize register use
* Reduced code complexity * Reduced code complexity
* Column major in/out * Multi-kernel
« Intended for progression to 2D Fast * Each base FFT as a separate kernel

Fourier Transform (FFT) . Code generation for

* Maximizes memory bandwidth (GB/s) « Any local/global size configuration

* Cache-friendly * Any register size/SIMD size
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genFFT Code Generator and Execution Flow

« Decompose the Fast Fourier Transform
(FFT) into factors power of two | v = %, N,
q:

« Base FFTs must maximize register use Read from

inimi i Global M
« Minimize the difference of the last two O

factors — best performance

Generate each base FFT

Out-of-place

* Local twiddle factor lookup table (LUT) in R

registers

Generate intermediary twiddle factors T

Twiddle Factors

* LUT in global memory

Write to
Global Memory

Generate bit rotations

* |n order to unscramble the data at the end
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Base Fast Fourier Transform (FFT) Butterflies

N/2

« Cooley-Tukey radix 2 butterflies — 2T ok _ 2T ant1)k
Xy = Xone “N/Z7T + Xonir€8 N/2
« 8-Point DIT FFT on the right - O — - ' , J
n=0 T n=0 T
* Decimation-In-Time
In-order In-order
e« Pseudo-code input signal spectrum
i Bit reversal 8-Point FFT, radix 2 |
. l - 7
1. Read S|gnal i 000 000 1 B %
- : (1] [o01 | [100 ix_% 1]
. Bitreversa 2| [010] [010] [2 ] 2]
f e b q 31 Mo [0 ek~ 3]
3. Perform the butterflies (4| [100] [ 001 [1] N 4]
*  Aooly twiddle fact 5| [101 | [ 101 ?X_;g 5|
pply twiadle factors 6| [ 110 ] [011 ] [3] ] 6
7] [ ] [ z><: 7]

4. Write spectrum
% Twiddle Factors
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Base Fast Fourier Transform (FFT) Bit Reversal

* Each base FFT performs its own bit reversal
8-Point base FFT, radix 2

* No global bit reversal at the beginning

In-order Scrambled
« Adistributed bit reversal strategy input signal input signal
* Advantages o - Bitreversal .g------

A v
[0]i[ 000 | [000]i[0]
> [1]i[o01 | [100 |i[4]
g [2]i[o10] [010]i[2]
= [3]i[o11| [110]i[6]
g 4 1]
S |5 El
6] 3]
7] 7]

* The preprocessor eliminates bit reversal math at
compile time

 Theinputis read directly into the correct

registers 100 | | 001

101 101
110 011
111 111

Registers

* Disadvantages

« This still requires bit rotations at the end of a
multi-kernel FFT pipeline’

- <

1t can be argued that the bit rotations exhibit a more regular memory access pattern than a
global bit reversal.
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Base Fast Fourier Transform (FFT) Bit Reversal

* Each base FFT performs its own bit reversal
8-Point base FFT, radix 2

* No global bit reversal at the beginning

In-order Scrambled
* Adistributed bit reversal strategy input signal input signal
* Advantages e -y~ Bitreversal -
* The preprocessor eliminates bit reversal math at _ %w :;%
compile time I /{?
5 £ .
 Theinputis read directly into the correct = El n6| g
registers 5 |4r nLg
S = PS5 =
- Disadvantages 61 NE
7 > 7
« This still requires bit rotations at the end of a — r—

- <

multi-kernel FFT pipeline’

1t can be argued that the bit rotations exhibit a more regular memory access pattern than a
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Multi-Kernel Fast Fourier Transform (FFT)

i nik
Implementatlon FFTy = FFTy, (Wy*"2FFTy,)
* Cooley-Tukey decomposition into

factors power of 2 N=64=8x8
] FFT 8 stride 1
* Each factor treated as a radix-2 Cooley- < >
Tukey FFT with a different stride Yloli]z]s]e]s]s]> —
g |9 10|11 |12]13]|14]15 stride 8
 Each FFT as an independent kernel— Dl T ]17 181920 [21 | 22| 23
base FFT E 2425|2627 28293031
o ) o | [32]33 ]34 35|36 |37 |38 30 FFT 8
« Base FFTs make efficient use of registers | [0 [o2 | [ o5 | w0 4 stride 1
» Each base FFT performs its own bit Bkl el o I el el
. 56 |57 |58|59(|60|61|62]63
reversal on inputs v
* Intermediary twiddle factors * Intermediary Twiddle Factors
- Bit rotations required at the end & BitRotations
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Multi-Kernel Fast Fourier Transform (FFT)

Implementation
» Cooley-Tukey decomposition into N'=064=2x4x8 —
factors power of 2 FFT 8 stride 1

stride 32

b
s
Ky
A
v

 Each factor treated as a radix-2 Cooley- il Il el B el I el

. . . ’\S\
Tukey FFT with a different stride S 40 |41 (42 /43 (4445 fs 47
ol1l213lalsle]7p4|>

FFT 4
stride 8

 Each FFT as an independent kernel—
base FFT

8 |9ol1o|11]12]13]1a|15p2]53

161171819 (20|21 |22 23

FFT 4
stride 8

24125(26 271282930 |31

FFT 8

« Base FFTs make efficient use of registers stride 1

» Each base FFT performs its own bit
reversal on inputs

* Intermediary twiddle factors * Intermediary Twiddle Factors

Bit rotations required at the end £ Bit Rotations
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Base FFT Twiddle Factors Lookup Table

« Storage requirements reduced from N/2 cl_float2 values to N/4+1 cl_float
values

* Private array lookup table small enough to fit into registers

0 - .
-05 0 24 28 2
T B e —COS ---SIN
-15

Wk = e "N* = cos(—2mk/N) + j sin(—2mk/N)
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Base FFT Twiddle Factors Lookup Table

« Storage requirements reduced from N/2 cl_float2 values to N/4+1 cl_float
values

* Private array lookup table small enough to fit into registers

0
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+

+

t
oo}
w
N
©
m
o
+

+0.98078
+0.92388
+0.83147
+0.70711
+0.55557
+0.19509

—COS ---SIN

Wk = e "N* = cos(—2mk/N) + j sin(—2mk/N)
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Base FFT Twiddle Factors Lookup Table

« Storage requirements reduced from N/2 cl_float2 values to N/4+1 cl_float
values

* Private array lookup table small enough to fit into registers

+0
-0.195098
-0.38268
-0.55557
-0.70711

-1

— o8]
+ w
~d
[o0]
m
o
+

+0.98078
+0.92388
+0.83147
+0.70711
+0.55557
+0.19509
-0.83147
-0.92388
-0.98078

05 0 .4 $ 12

-1.5
I
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Base FFT Twiddle Factors Lookup Table

« Storage requirements reduced from N/2 cl_float2 values to N/4+1 cl_float
values

* Private array lookup table small enough to fit into registers

[eol®) R wn)
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+0.98078
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+0.70711
+0.55557
+0.19509
-0.38268
-0.55557
-0.70711
-0.83147
-0.92388
-0.98078
-0.92388
-0.83147
-0.70711
-0.55557
-0.3826
-0.1950

05 0 .4 § 12 1 20
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I
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Base FFT Twiddle Factors Lookup Table

« Storage requirements reduced from N/2 cl_float2 values to N/4+1 cl_float

values
* Private array lookup table small enough to fit into registers
TRBICHhBEPIBLHCSER"RBT-CHRBITEEHCIIRT
OMe—= I~ N L D AW — MmO O M — N1 AW N AWM~ — MmO
oNMmOoO W OO W o mn @ WNMMO LW OO W ommn@
QAOAWRNMe —=MRODNG AAORNM— —ONKNQDD
PPFTFPFPP 993980 9993939 9PPPPPYP
15 |
1T e
0.5
0 \."\
-05 0 - 4 $ 12 1 20 7 28 3R
1 e —COS ---SIN
-1.5 |
2T

Wk = e "N* = cos(—2mk/N) + j sin(—2mk/N)
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Base FFT Twiddle Factors Lookup Table

« Storage requirements reduced from N/2 cl_float2 values to N/4+1 cl_float
values

* Private array lookup table small enough to fit into registers
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Base FFT Twiddle Factors Lookup Table

constant float W[9] =
{
+0.0f,
+0.19509f,
+(0.38268f,
+0.55557f,
+0.70711f,
+0.83147f,
+(0.92388f,
+0.98078f,
+1.0f,
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cos(i)

sin(i)

1.0

0.0

0.98079

-0.19509

0.92388

-0.38268

0.83147

-0.55557

0.70711

-0.70711

0.55557

-0.83147

0.38268

-0.92388

0.19509

-0.98079

0.0

-1.0

O NO N |WIN =IO

-0.19509

-0.98079

-0.38268

-0.92388

-0.55557

-0.83147/

-0.70711

-0.70711

-0.83147

-0.55557

-0.92388

-0.38268

-0.98079

-0.19509

| cos(k) = +W(FFT_SIZE/4-FFT_SIZE/crtFFT * k);
sin(k) = -W(FFT_SIZE/crtFFT * k);

| cos(k) = -W(FFT_SIZE/crtFFT * k);
sin(k) = -W(FFT_SIZE/4-FFT_SIZE/CrtFFT * k),

-1.0

0.0




Intermediary Twiddle Factors Lookup Table

: : 2
* Intermediary twiddle factors: sz?lnz _ e—JWnnlnz

e Different than the base FFT twiddle factors

. N=64=8x8
« Total of N cl float2, quite large s
 Wereduced it to N/4+1 cl_float values (8x) 1
« At the cost of some pretty complicated S L N FFT 8
indexing math g |9 |10]|11]12]13]14]15 stride 8
16|17 |18 |19 |20 |21 22|23
* Can be further reduced to half of that n, =>|24|25|26|27|28]29]|30]31
+ At the cost of extra math (sqrt) and accuracy 3233[34[35|36]37]38]39 FFT 8
40 (41|42 |43 |44 |45|46 |47 stride 1
« >10 percent performance loss 48 (49|50 |51 |52 (53|54 55
56|57 | 58|59 | 60|61 62|63

* Inthe end: global array of N cl_float2

kernel argument
* Intermediary Twiddle Factors
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Efficient Use of the Execution Unit Registers

7 hardware threads

128 registers per hardware thread

EU: Execution Unit

CIIT11111
o o i i 00 M m
===
T 000 [m

[EEEEEEE]

* 32 bytes per register

512 bytes per work item
* InSIMD 8 mode

N, = 32, max FFT size that fits in
registers

« Upto 64 cl float2 per work item

* leave room for other program
variables
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Efficient Use of Cache and Memory Bandwidth
8-Point FFT, LS 16x1x1, SIMD size 8

LOCAL_SIZE_X
SIMD_SIZE

e @Goals <

v

e Reduce number of cache lines touched <

v

I Cache linen Cachelinen + 1

* Reduce the number of memory address
requests that an execution unit makes to
the data port

* 90 percent of peak last level cache bandwidth
(GB/s)

e Forbase FFT kernels

FFT_SIZE

* OnIntel® Processor Graphics we recommend
reading up to 4x32-bit data per work item

/
/
\

GLOBAL_SIZE_Y * FFT_SIZE

« 2x32-bitwas a good balance of
performance and code complexity

* Inputsignalin column major order

A
v

GLOBAL_SIZE_X
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Improving Kernel Performance

* Eliminate the use of shared local * Math transcendentals versus
memory and barriers lookup table (LUT)
« Maximize device thread occupancy * For the intermediary twiddle factors
* Reduced code complexity * Math transcendentals require FRM

_ for performance - poor accuracy
* Code can be tuned for various

architectures  LUT in global memory

 Perform bit reversal in registers FRM-agnostic

< :
. Reduced penalty 10 percent slower than sin/cos

o _ Very good accuracy
* Preprocessor eliminates index math
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Improving Kernel Performance

* Fuse two or more kernels * Increase work per work item
« Straightforward for two consecutive » Straightforward change due to the
base FFTs of the same length: reduced complexity of our code
 8x8,16x16,32x32 .

By itself it doesn't lead to

« Kernels become function calls with a performance gains

barrier in between « 2x work per work item coupled with

«  Workgroup size increased to account kernel fusing leads to 15-30 percent
for data dependencies performance gains for 64-point FFT

and 256-point FFT
 Can do 64-point FFT and 256-point

FFT but can’t generalize to any FFT
length
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Results

clFFT is an excellent implementation

« genFFT beats clFFT for:
genFFT vs. cIFFT float C2C genFFT half vs. float C2C
* 8,16,and 32-FFT by more than 1.5x )5 genFFT  —cIFFT )5 half ~ —float
2. :
* 8k-FFT by more than 2x 8 2 2
« But penalty for each additional kernel E 1.5 1.5
- 64 (8x8), 2k (32x8x8), and so on & 1
2z
 clFFT much better at fusing FFTs ;30'5 03
0 0
 Big penalty at 8k PENTEROEEE SN TENTHREIEEERLY
. genFFT supports cl_half 1D FFT Length 1D FFT Length

. Additional perf : Relative performance of genFFT vs clFFT on
rtionat performance gains Intel® HD Graphics 530 capped @ 750 MHz

* There’s still room for improvement
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Results

clFFT is an excellent implementation

« genFFT beats clFFT for:
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Conclusion

 Can be tuned for
*  Variable SIMD size
* Available register space

* Compiler ability to promote private memory to
registers

* Any combination of global-local sizes

* Avoids use of shared local memory and
barriers

* Reduced code complexity
* Potentially better performance portability
* Cache-friendly implementation

* Penalty from enqueueing many kernels

Optimization Notice

Copyright © 2016, Intel Corporation. All rights reserved.
*Other names and brands may be claimed as the property of others.




Future Work

cl_half performance improvements

* Currently reading 1x32-bit quantities
per work item while optimum is 4x32-bit

Investigate other kernel fusing
methods

* Device-side enqueue

Intel® Processor Graphics
improvement opportunity

* Optimize execution of pipelines of
kernels that reuse buffers

Expand work to any size 1D FFT and
2D FFT
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